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Abstract

This paper presents a model of skills and derives properties of the optimal investment into

educational skills. In the model students can acquire basic and advanced skills at a cost to a

policymaker who is budget-constrained. The optimal policy is very sensitive to the structure

of the returns to skill - even when advanced skills give unbounded marginal returns, it may be

optimal to invest more in basic skills if skills represent a “skill ladder”. These results offer new

interpretations on the existing empirical evidence on education interventions. There is a single

object that determines whether to invest more in basic or advanced skills and whether the skill

ladder model applies. I develop a methodology to estimate the returns to skills and this object

and apply it to mathematics (advanced skill) and self-esteem (basic skill) in the NLSY. The

results show that the returns to skill reflect that the true state of the world is between the two

stark viewpoints and that there is substantial racial heterogeneity in the returns to skills from

the lens of the model, suggesting that there may be benefits to focusing more on basic skills in

educational policy making and that optimal skill targeting may differ by race.

1 Introduction

A major approach to combatting inequality in the US is through public interventions in education.
Programs such as No Child Left Behind aim to use test-taking to give school children certain skills
to reduce skill-gaps with the intent to reduce labor market and social inequality.

Recently there has been a large debate on the way policymakers design education curriculums.
The recently instated Common Core targets“English Language Arts” and“Mathematics” with the
goal that ”students be ready to success academically in credit-bearing, college-entry courses and in
workforce training programs”.1Education curriculums provide a clear example of a plan to invest
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in certain skills for students. This paper analyzes the problem of curriculum design as an optimal
investment problem emphasizing heterogeneity in skills and develops and provides an empirical
test using NLSY data.

Economists have long been interested in understanding what education policies work well to
improve outcomes for students and combat inequality. While there is a large empirical literature
on the impacts of education interventions2 relatively few theoretical models exist to understand the
properties of optimal interventions through understanding the education production function.3 One
exception is the technology of skill formation models pioneered by Cunha and Heckman (2007)
(CH) and estimated by Cunha et al. (2010).

This paper analyzes a model that treats student’s skills as multidimensional and derives the
optimal way for policymakers to invest in education interventions. The main insight is that the
structure of how skills map into labor market returns starkly determines how policymakers should
allocate their resources to providing skills to students. While advanced skills such as advanced
mathematics or computer programming are important to labor market outcomes, skills can build
on each other. If more basic skills such as discipline and self-esteem are required to realize returns
from these advanced skills, what this paper calls the “skill ladder model”, optimal investment
requires more investment in these basic skills, no matter how much additional gain one gets from
the advanced skills. This insight builds off of Cunha and Heckman (2007) and the literature on the
student skill production function and education policy.

The model and analysis contributes to the literature on the theory of education interventions
by analyzing the skill dimension of policy-making. The analysis shows that the optimal policy
differs between the two models, highlighting the nuance required in designing good policy. Other
than timing of investments, papers in the theoretical literature on education interventions focus
mostly on incentives (e.g. Lazear, 2006; Barlevy and Neal, 2012) and so this paper highlights
a new dimension over which we should be thinking carefully about policy. In particular, this
paper emphasizes the importance of connecting the skill production function to casual empirical
observations about important labor market skills.

A concrete policy targeted by this paper is curriculum design. These policies are generally
designed to target skills of successful labor market participants. For example, in today’s world,
the ability to do computer programming is clearly a high return skill, when observed in isolation.
However, skills may be dependent on one another as in the “skill ladder” model, and policies that
target improving children’s programming skills may give very little gains.

These ideas are relevant to the current debate surrounding the largest education policy in recent

2E.g. Chetty et al. (2011), Neal and Schanzenbach (2010), Angrist et al. (2013), Dobbie and Fryer (2013), Fryer
(2014)

3Some exceptions are Lazear (2006) and Barlevy and Neal (2012) who focus on incentives in policy design.
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history, the Common Core. Many of the criticisms around the Common Core policy involve the
specific skills they target. In particular, there is much debate about the type of standards set by the
Common Core policy. One parent’s take nicely summarizes this sentiment: “Schools should have
standards. States should have standards. But they’ve got to be good standards, and they have to be
realistic standards”.4 This paper provides a theoretical justification that these types of investments
that aim “too high” could be inefficient.

Another important dimension that is brought up clearly through the lens of the model and tested
in the empirical work is that demographic groups may have different skill production functions and
returns to skills. This implies that policies targeting important racial skill gaps will not benefit from
one of the key tenants of the Common Core, universal standards. The empirical evidence shows
that the returns to skills and production functions are quite different across races, and so finds
evidence that universal skill targeting may be inefficient.

The model emphasizes the multiplicity of skills that can be targeted by a policy, the fact that
policy-making is budget constrained, and how these skills map into labor market outcomes. It
compares two specific skill and reward technologies: the “skill independence” and “skill-ladder”
models. While the skill technology analyzed in this paper is a special case of the fully general CH
model, the approach allows one to gain insight from the importance of multi-dimensional skills.
In particular, the workhorse examples that CH use to explore timing of investment mainly consist
of one-dimensional skill worlds so that there is no concern over which skills policymakers are
choosing to invest in. Instead most of the theoretical focus of CH and related papers is on timing
of interventions.

To illustrate the intuition behind the main result in words consider a policymaker considering
investing in two skills for children in a school, a basic skill B and an advanced skill A. It is costly
for the policymaker to invest in each and they have a budget for their total investment.

Consider one case which I call “skill independence”: achieving the advanced skill alone is
sufficient for achieving the basic skill or the advanced skill is rewarded on the labor market inde-
pendent of the basic skill. In this case, it is optimal for the policymaker to invest more heavily in
the advanced skill because skills are substitutes and the advanced skill will reward students more.

The other case is what I call a “skill ladder”: one does not necessarily receive the basic skill
when gaining the advanced skill and the basic skill is necessary to be rewarded for the advanced
skill. I call this a skill ladder because the skills are ordered and if the student is missing one of the
rungs on the ladder, they fall to the bottom. In this case it is optimal for the policymaker to invest
more heavily in the basic skill because the basic skill provides a guaranteed return and augments
the advanced skill. This is true even as the marginal returns of the advanced skill over the basic
skill become unbounded.

4Source: CBS News.
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The important policy insight of this paper is that these two models both seem empirically
plausible but their policy implications are dramatically different. This paper suggests a specific
method for connecting educational policies focused on childhood skills and the skill production
function and labor market return function.

The insights from the model allow for a novel interpretation of many disparate findings in the
education intervention literature. I examine the model’s implications for No Child Left Behind,
charter schools, the GED and Head Start. In general, the evidence seems to point towards the skill
ladder model being an empirically relevant model and provides a potential explanation for many
of these important policy results.

I use the model to conduct empirical analysis to understand what optimal investments look like
in a specific case. Importantly, the model suggests a very simple “sufficient statistic” to understand
properties of optimal investments. I study an empirical application of the model to mathematics
skills and self-esteem in the NLSY79. The exercise looks at a case-study in which mathematics is
the advanced skill and self-esteem is the basic skill. This exercise is relevant to current policy as
the emphasis on mathematics and similar skills has been a major emphasis of recent educational
policies.

The empirical exercise shows that neither the stark viewpoints of the skill ladder or skill inde-
pendence model are appropriate descriptions of the how skills are rewarded on the labor market
in this sample for these two skills. The data do seem slightly more consistent with the skill inde-
pendence model where mathematics skills are the advanced skill, but the reasoning of the model
suggests that only investing in mathematics skills is sub-optimal. Statistical imprecision causes the
implications to be somewhat limited.

Racial heterogeneity in the skills production function is also explored. The data reveals im-
portant heterogeneity in the returns to skills by race, suggesting that the design of policies could
be improved by carefully tailoring interventions to the intervention population. In particular, the
results suggest that the skill ladder model is a better description of the returns to skills for Black
and Hispanic children than for White children. This is at odds with one of the major founding
tenants of the Common Core:

The central concept [...] is that the nation’s 40 million K-12 students should be of-
fered the same high-standard education no matter where they go to school; a child in
Mississippi, say, should finish each grade with the same general proficiencies as one
in Maine - and ready to compete in an increasingly competitive global marketplace.5

The organization of the paper is as follows. First, I set up the model and make formal the
intuition provided in the introduction (Sections 2.1-2.2). I will examine a parametric example to

5Source: https://www.gse.harvard.edu/news/ed/14/09/what-happened-common-core.
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make the ideas more concrete (Section 2.3). A more general version of the model is analyzed in
Section 3 which helps motivate better the empirical analysis, Then, new interpretations of existing
empirical evidence is offered through the lens of the model (Section 4). I then look at the empirical
application of mathematics skills and self-esteem in the NLSY79, formulating an appropriate suf-
ficient statistic for the normative implications of the model (Section 5). Finally I conclude (Section
6).

2 Basic Model

2.1 Setup

Consider a population of students of mass 1. Suppose that there are two skills that students can
achieve while in school: basic skills B and advanced skills A. Every student either has each skill
or not. These skills translate into future wages according to the variables W0 = 0 (for no skill),
WA ≥ 0 (for advanced skill only), WB > 0 (for basic skill only), and WBA > 0 (for both skills).

The assumptions above allow for the possibility that advanced skills alone are worthless while
basic skills have a guaranteed positive payoff. The basic idea for this, explored more below in
setting up the two cases of interest, is that without basic skills, advanced skills may be worthless.
For example, if a student can solve advanced mathematics problems but does not know how to
handle their own mental health or communicate properly, they may not be able to be rewarded for
those math skills.

Suppose for simplicity that the population of students have no skills and is homogeneous. A
policymaker is considering the optimal way for the school to invest in these skills to maximize
the wages of the students. Their goal is potentially motivated by a desire to reduce wage inequal-
ity. They are budget-constrained in their resources (time, effort, money) and must allocate these
resources across the different skill. In particular, they have a budget of T and investment in each
skill is measured as tB and tA so that the budget constraint is tB + tA ≤ T . Investments must be
non-negative. Investment of ti in skill i ∈ {B,A} translates into a proportion of q(ti) students
receiving that skill where q is continuous, strictly increasing and satisfies q(0) = 0 and q ≤ 1.

Consistent with empirical evidence on skill wage gaps, I assume that WBA >> WB. That is,
students who have both basic and advanced skills are rewarded substantially more on the labor
market than students who have only the basic skill.

I illustrate the basic setup of the model in Figure 1. Policymakers decisions partition the mass
of students into 4 different groups based on receiving different skills according to investments and
the technology q(·). These skills then translate into labor market wages.

There are two special cases of the model I focus on in this paper. The first is what I call
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Figure 1: Model Illustration

skill independence. Skill independence has the property that either (a) achieving skill A implies
achieving skill B for any student or (b) skill A is rewarded on the labor market regardless of the
presence of skill B. In the model this translates to WA = WBA.

The second model I focus on is what I call the skill ladder model. In this model achieving
the advanced skill A does not imply that a student achieves the basic skill B and the high rewards
to the advanced skill require the basic skill. In the model this translates to WA = W0 = 0. The
motivation for such a possibility is given above, and works off the possibility that students are only
rewarded for their “worst” skill.

Given the setup, the problem for solving for the optimal educational policy in the skill inde-
pendence model is given by:

max
tB ,tA

q(tB)WB + q(tA)WBA − q(tB)q(tA)WB s.t. tB + tA ≤ T (1)

while in the skill ladder case the corresponding problem is given by

max
tB ,tA

q(tB)WB + q(tB)q(tA)(WBA −WB) s.t. tB + tA ≤ T (2)

These can be derived by looking at the cases of probabilities of receiving each skill and some
basic algebraic manipulation. For example, with mass q(tB)q(tA) of the students receive both
skills, mass q(tB)(1− q(tA)) only receive the basic skill, etc.

2.2 Main Theoretical Results

First it is important to establish that (1) and (2) actually have solutions.

Proposition 1. Both (1) and (2) have solutions.

Proof. The set of choice variables {(tA, tB) : tA ≥ 0, tB ≥, tB + tA ≤ T} is compact. More-
over, since q(·) is continuous and the wage variables are real numbers, the objective functions are
continuous. Thus a solution exists.
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The following two propositions that describe the different properties of solutions to (1) and (2)
comprise the main theoretical results of this paper. I present the propositions and then the proofs
in succession since they contain very similar content.

Proposition 2. At any solution to (1) (t∗B, t
∗
A), it must be that t∗B ≤ t∗A.

Proposition 3. At any solution to (2) (t∗B, t
∗
A), it must be that t∗B ≥ t∗A.

Proof of Proposition 2. Suppose not, i.e. that tB > tA at some proposed solution. Consider an
alternate solution t′B = tA and t′A = tB. This clearly satisfies the budget constraint. The value of
the objective function at the new values is

q(t′B)WB + q(t′A)WBA − q(t′B)q(t′A)WB = q(tA)WB + q(tB)WBA − q(tB)q(tA)WB

> q(tB)WB + q(tA)WBA − q(tB)q(tA)WB

since WB < WBA and q(tB) > q(tA) by q(·) strictly increasing. Thus the new value of the
objective function is strictly higher, contradicting that the original was a proposed solution.

Proof of Proposition 3. Suppose not, i.e. that tB < tA at some proposed solution. Consider an
alternate solution t′B = tA and t′A = tB. This clearly satisfies the budget constraint. The value of
the objective function at the new values is

q(t′B)WB + q(t′B)q(t′A)(WBA −WB) = q(tA)WB + q(tB)q(tA)(WBA −WB)

> q(tB)WB + q(tB)q(tA)(WBA −WB)

since WB > 0 and q(tA) > q(tB). Thus we have a contradiction as required.

Thus we see that the properties of optimal policies are different across these two plausible
models, with only a single assumption difference between them. Importantly these results hold for
all WBA and WB as long as WBA > WB > 0. Even if the return to the advanced skill over the
basic skill grows larger and larger (WBA −WB → ∞) the skill ladder model calls for at least as
much investment in the basic skill.

The intuition for these results is most easily seen when assuming that q(ti) = ti and T < 1.
In this case the cross-partial derivative in the arguments in (1) is −WB < 0 and so the investment
choices are substitutes. Because WBA >> WB, the advanced skill has a higher payoff and so it is
optimal to shift more investment to that skill. In (2) the skills are not substitutes and the marginal
benefit of the basic skill is higher due to the guaranteed payoff of WB > 0 and how it reinforces
higher payoffs through advanced skills WBA. The advanced skill in (2) only reinforces higher
payoffs WBA complementary to investment in B, tB.
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There are two senses in which the model and Propositions 2 and 3 above may not appear very
convincing. The first reason is due to the model assumptions: the skill technology functions q(tA)

and q(tB) are assumed to be identical. It is instructive to consider what relaxing these functions to
qA(tA) and qB(tB) might imply about the robustness of the results.

First note that in the skill independence model if qA(t) > qB(t) then Proposition 2 holds, and
in the skill ladder world if qA(t) < qB(t) then Proposition 3 holds. Thus by assuming that schools
are uniformly better at providing one skill or another, one of the propositions holds in one of the
models. It is also not hard to see that qA(t) > qB(t) pushes against Proposition 3 in the skill
ladder model and vice versa for Proposition 2 in the skill independence model. Thus the important
intuition is that the skill transmission technology pushes back against each model in a way that
makes sense for which skill they more strongly target.

Another reason that these propositions may not appear convincing is the chance for equality
t∗A = t∗B. If in many cases we have t∗A = t∗B in both (1) and (2), this result is not as important.
I now explore some parametric examples that suggest, with natural and sensible assumptions on
q(·), the solutions are quite different.

2.3 Parametric Examples

For the parametric examples I look at two specifications of q(·): q(t) = t with T ≤ 1 so that
probabilities are well-behaved, and q(t) = 1 − e−t to add some (concave) curvature to the prob-
ability function and allow T to be unrestricted. For both assume that WBA >> WB so that the
difference is sufficiently large (how large is needed will become clear when the analytical solutions
are shown).

First suppose that q(t) = t and consider the skill independence problem (1). Then since the
objective function is strictly increasing in each ti for all interior t−i we must have that the budget
constraint binds. Thus, we can write the problem as

max
tA

(T − tA)WB + tAWBA − (T − tA)tAWB

and the second derivative is 2WB > 0 so that this function is strictly convex. Thus, the solution is
at a corner. So we compare tA = T which produces value TWBA and tA = 0 which produces value
TWB < TWBA. Thus the optimal solution in skill independence world under this technology is

tA = T.

Now consider the skill ladder problem (2) with the same q technology. We can write the
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problem as
max
tA

(T − tA)WB + (T − tA)tA(WBA −WB).

The second derivative in this case is −2(WBA −WB) < 0 so that the function is strictly concave
and thus an interior maximum is optimal. The first-order condition in this case is

−WB + (WBA −WB)− 2tA(WBA −WB) = 0

which is rearranged to give

tA =
T

2
− WB

WBA −WB

.

The differences are striking: skill independence has a corner solution in which policymakers
should be completely investing in advanced skills whereas the skill ladder setup has a solution
that involves at least half of their time spent on creating basic skills at the skill. Importantly as
WBA →∞ the optimal policy requires t∗B ≥ t∗A.

Working with q(t) = 1 − e−t and performing the same optimization yields that the solutions
are respectively

tA = T

in (1) and

tA =
T

2
− log(

WBA

WBA −WB

).

in (2).
The solutions for both technologies q(·) display the stark differences in policy recommenda-

tions. Moreover, in both cases of the skill ladder model, tA becomes closer to tB as WBA −WB

grows (though at different rates). However, even as WBA − WB → ∞, the skill ladder model
requires that at least as much investment is put into basic skills as advanced skills so that there is a
sizable discontinuity between the two optimal policies.

3 General Model

The more general model allows for interpolation between the two extreme cases considered above
and adds student heterogeneity. In particular, consider the addition of three more parameters: θ, λB
and λA where θ is the interpolation parameter between the skill independence and skill ladder
worlds, and λj measures the proportion of students in the population that already have skill j.

In particular the more general model states that

WA = θWBA, θ ∈ [0, 1] (3)
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so that when θ = 1 skill independence exists and when θ = 0 skills form a ladder. In this more
general model, the interpretation of the θ parameter is that, in this model A skills by themselves
are useless, and θ measures the proportion of students who, when they learn A, also inherit B
automatically. That is (1 − θ) fall down the ladder and essentially have no skills. Basically skills
are “risky”.

As well, the model allows students to have heterogeneous skills so that λA proportion already
have advanced skills and λB proportion already have basic skills. These skills could have been
inherited through earlier educational programs or could be because the students inherit these skills
genetically or through investments made in their own homes.

Then the investment problem can be defined by

max
tA,tB

λBq(tA)(WBA −WB) + (1− λA − λB)f(t, θ) (4)

f(t, θ) = θq(tA)(1− q(tB))WBA + (1− q(tA))q(tB)WB + q(tA)q(tB)WBA

s.t. tA + tB ≤ T

Note that with λA = λB = 0 and θ = 1 we recover (1) above and with λA = λB = 0 and θ = 0

we recover (2) above.
There is a solution for (4) using essentially the same proof as above.

Proposition 4. (4) has a solution for any θ ∈ [0, 1].6

Moreover, the intuition from the independence and ladder models above transfers to the more
general model. Basic skills are more valuable as θ decreases and advanced skills are more valuable
as θ increases.

Proposition 5. Consider solutions t∗A(θ) and t∗B(θ) to (4) above. t∗A(θ) is increasing in θ (in the
strong set order) and t∗B(θ) is decreasing in θ (in the strong set order).

Proof. The goal is to apply the Topkis Monotone Comparative Static theorem by showing that
the objective function has increasing differences. This is sufficient for the optimal solution to be
increasing in the strong set order. I show the proof for t∗A(θ); the proof for t∗B(θ) is similar.

To reframe (4) as a simple maximization problem in tA note that at any solution it must be
that t∗A + t∗B = T , thus we can treat the optimization problem as one over a single variable tA and
replace tB = T − tA. Then the objective function is

F (tA; θ) = λBq(tA)(WBA −WB) + (1− λA − λB)f(tA; θ)

6Ideally, there exists a unique solution so that the application of Topkis’ theorem below is not about solutions that
are “set-increasing” but univariate functions. However it is hard to give conditions to guarantee such a unique solution.
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To check increasing differences let t̄A ≥
¯
tA and θ̄ ≥

¯
θ. Then

F (t̄A, θ̄)− F (
¯
tA, θ̄) = θ̄WBA

[
q(t̄A)(1− q(T − t̄A))− q(

¯
tA)(1− q(T −

¯
tA))

]
+WB

[
(1− q(t̄A))q(T − t̄A)− (1− q(

¯
tA))q(T −

¯
tA)

]
+WBA

[
q(t̄Aq(T − t̄A)− q(

¯
tA)q(T −

¯
tA)

]
Similarly,

F (t̄A,
¯
θ)− F (

¯
tA,

¯
θ) =

¯
θWBA

[
q(t̄A)(1− q(T − t̄A))− q(

¯
tA)(1− q(T −

¯
tA))

]
+WB

[
(1− q(t̄A))q(T − t̄A)− (1− q(

¯
tA))q(T −

¯
tA)

]
+WBA

[
q(t̄Aq(T − t̄A)− q(

¯
tA)q(T −

¯
tA)

]
and so taking these differences yields

(θ̄ −
¯
θ)WBA

[
q(t̄A)(1− q(T − t̄A))− q(

¯
tA)(1− q(T −

¯
tA))

]
Now, θ̄ ≥

¯
θ and q(t̄A) ≥ q(

¯
tA) since q is strictly increasing. Also q(T −

¯
tA) ≥ q(T − t̄A) again by

q strictly increasing. Thus 1− q(T − t̄A) ≥ 1− q(T −
¯
tA). Thus, this expression is non-negative

and thus we have increasing differences.
Thus by the appropriate Topkis Monotone Comparative static theorem, t∗A(θ) is increasing in θ

in the strong set order.

It is also informative to explore the implications of student heterogeneity in skills in the more
general model. λA reduces the overall payoff from investing: clearly the value to redesigning the
curriculum in this model is lower if students already have the skills of interest. The intuition for
how λB impacts the optimal solution is simple: λB makes all basic skill investing less profitable
since students already have basic skills.

Proposition 6. t∗B(λB) is decreasing.

The more general model is particularly useful for allowing the ideas from the specific examples
in the previous section to be taken to the data. It is challenging to figure out ways to empirically
distinguish the skill ladder and skill independence model above without some concrete way to
connect them. In this case, θ provides a parameter that interpolates between the two. Propositions
2, 3 and 5 make clear that θ is an important policy-relevant parameter in the model and so the
empirical application will be devoted to exploring how to estimate θ in a transparent and credible
way.
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Before moving onto the empirical application, it is informative to view the existing empirical
evidence on educational interventions through the lens of the model.

4 Interpreting Existing Empirical Evidence

In this section I interpret the empirical evidence from the education intervention literature in the
context of the model. The goals are (1) to show how the model offers new interpretations on
existing empirical results in a unified framework and (2) provide suggestive evidence between the
two major models analyzed.

To do this I analyze the empirical literature on four major policy relevant education reforms. I
focus on No Child Left Behind, Charter Schools, the GED and Head Start.

4.1 No Child Left Behind

No Child Left Behind (NCLB) has been studied by economists for its incentive problems related
to “teaching to the test” (Lazear, 2006) and how it allocates teacher’s time across students (Neal
and Schanzenbach, 2010). This paper adds to the economics literature on NCLB by providing a
way to interpret how the policy performs on skill targeting, as opposed to incentives.

One interpretation of policies that target testing is that they target cognitive skills associated
with being able to answer questions on the tests. If NCLB is interpreted as targeting more “ad-
vanced” cognitive testing skills so that tA = T , the appropriate question for policymakers about
whether there are returns to shifting towards more basic skills depends on whether (a) the market
requires basic skills to reward these test skills and (b) these basic skills are not achieved by having
students pass tests.

If the the answer to both of these questions is yes, then the model suggests this policy lives in
the skill ladder world and allocating resources to target more “basic” skills would be more efficient.
Some examples of these more basic skills might include non-cognitive skills, but the models shows
that the key property is they are any skills that is required in the labor market reward function for
students to achieve the rewards of having the testing skills.

Thus, skill targeting provides another potential critique of NCLB. However, whether or not this
aspect of NCLB is optimally designed is fundamentally an empirical question as highlighted by
the model.

Note that another interpretation of NCLB is that it targets basic skills, as being able to pass a
test only requires basic effort and discipline. If this is the case, then the relevant policy question is
what the returns to more advanced investment activities, for example computer programming, are
in relation to the basic skills that these tests give.
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4.2 Charter Schools

As cited in the introduction, there is a large empirical literature in economics that looks at the
heterogeneous impacts of charter schools. Angrist et al. (2013) show that charter schools that
adopt a “No Excuses” approach to their education seem to have the most beneficial impacts on stu-
dents. Angrist et al. (2013) say that No Excuses schools emphasize “discipline and comportment,
traditional reading and math skills” and feature “strict discipline, uniforms, and cold calling”.

My preferred interpretation of these features within the framework of this model is that these
notions target basic non-cognitive and cognitive skills. Under this interpretation, the relative suc-
cess of charter schools in achieving better outcomes by shifting investment towards basic skills is
consistent with the skill ladder model in this paper.

While the success of charter schools is unlikely to be driven entirely by a clean cut in what
skills are targeted, the skill framework of this paper does provide an interpretation of this success,
and more importantly, the treatment effect heterogeneity.

4.3 GED

Heckman and Rubinstein (2001) find that the returns to the GED (meaning the returns to passing
the exam and receiving the accreditation) are extremely low. The evidence and main conceptual
argument is that while the GED signals and assesses cognitive skills, a lack of non-cognitive skills
makes these skills meaningless.

This empirical evidence provides an example of the importance of the skill ladder model: cog-
nitive skills from the GED (equivalent to high school graduate test taking abilities) are not rewarded
without more “basic” non-cognitive. Thus this allows one to interpret the shortcomings of the GED
program directly as attempting to assess and train a more advanced skill. It also suggests policy
interventions to improve the program - investing more in basic and non-cognitive skills.

4.4 Head Start

There is a large literature estimating effects of the Head Start program on children (Garces et al.,
2002; Ludwig and Miller, 2007). A particularly interesting finding in the literature is the “fade-out”
of cognitive skills associated with Head Start (Deming, 2009).

If Head Start targets both cognitive and non-cognitive skills, and the cognitive skills fade out,
then its measured benefits can be assumed to be derived from the non-cognitive skills. The fadeout
and subsequent labor market returns could be consistent with a skill ladder model of the world
where Head Start targets both basic and advanced skills, the advanced skill targeting is insufficient
without basic skills (hence the fadeout), yet students still benefit from improved basic skills.
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However the Head Start evidence is challenging to interpret in the context of this model. Sup-
pose we are in the skill ladder world and that Head Start targets both basic and advanced skills.
What is somewhat confusing in this story is that students do not retain advanced skills because of
lack of basic skills, but do still benefit from some basic skills. This is a bit difficult to rationalize
within the model since the fundamental problem is that I do not observe the Head Start production
or investment function. In particular, this is also consistent with mostly targeting non-cognitive
skills which then boost early test scores (for some reason) and not targeting cognitive skills - then
the empirical observations have no content within the model since both have WB > 0.

5 Empirical Application: Mathematics Skills and Self Esteem

5.1 Setup and Motivation

Many education interventions target concrete test-taking skills as opposed to other “softer inter-
ventions”.7 Would there be a gain from shifting resources towards these investments?

To answer this question this paper approaches it within the specific context of mathematics
skills (A), a staple of test-taking, and self-esteem (B) as modeled above. Self-esteem is an impor-
tant non-cognitive skill that could, in theory, alter the efficacy of mathematics skills according to
the skill ladder model or the corresponding model above where θ < 1.

While these are very specific skills, this question mirrors a policy story that is common through-
out school districts across the US, as there are trade-offs and limited resources in what teachers and
schools can teach children. In this case, suppose a school district is deciding whether to invest in an
advanced mathematics program or a counseling program This is not unlike a trade-off between real
programs that school districts face in allocating funds and interventions for low-skill communities.
For example, Colorado recently implemented a program to counsel low-income youth in hopes of
increasing their employment chances (Gonser, 2018).

5.2 Empirical Strategy and Data

An important part of the model’s theoretical analysis is that it provides a sufficient statistic for
when policymakers are deciding to shift investment between two skills and the key mechanism
of the model. The two modeling approaches make clear that the crucial policy object is θ. As
θ interpolates between 0 and 1, we interpolate between the skill ladder and skill independence
models, leading to changes in the relative ratios of t∗A and t∗B. Following the ideas of Chetty (2009),

7One example of an important intervention that has been studied that focuses on “soft-skills” is in crime (Heller
et al., 2017).
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the model structurally directs the empirical exercise to focus on the single sufficient statistic object.
I now develop a strategy to estimate θ convincingly.

The empirical exercise I aim to perform is closely related to previous empirical work that
aims to uncover the returns to different types of skills including cognitive and non-cognitive skills
(Heckman et al., 2006) and social skills (Deming, 2017) along with studies already mentioned that
structurally estimate the technology of skill formation (Cunha et al., 2010).

This literature primarily utilizes the National Longitudinal Survey of Youth 1979 (NLSY79)
sample as it includes a rich set of test scores and labor market outcomes. I follow the literature in
drawing my raw measures of skills and outcomes from this sample.

Any estimate of θ must depend on returns to skills which presents two classic challenges. The
first is to find a way to measure both A and B convincingly in the data. My model differs from
previous empirical models in that I treat skills discretely. I treat skills discretely and continuously
in the empirical implementation to make the analysis more comparable to previous work in the
literature. The second important factor is the need to separate out WA from WBA. Thus taking
a mean of wages of workers with skill A in the data is insufficient since the observed wage for
workers with skill A includes workers with and without skill B.

To develop a parsimonious estimation methodology, first consider the following linear model
for determining wages w in the context of the model where skills are treated as binary variables:

w = β0 + βASkill A + βBSkill B + βBASkill A× Skill B + ε. (5)

This specification mirrors common specifications seen in the literature (Deming, 2017) and
is what Heckman et al. (2006) the “conventional approach”. However, a subtle but important
difference between this specification and the canonical specification is that skills are allowed to
depend on one another. To see the importance of this change consider the model without the
interaction term. If we find that we cannot reject βB = 0 or that βB is very small and that we can
reject βA and we estimate that βA is positive, this might lead us to believe that WBA = WA and
thus favor the skill independence model. However, the model places no restriction on WBA and
WB. Importantly, even if WB is very small, if in adding an interaction between Skill A and Skill B
the return to Skill A goes to 0, then this is consistent with the skill ladder model. In other words,
WBA allows for complementarities between skills that is not captured in (5) without an interaction
term.

If the skills are exogenous and exactly measured through test scores, then regardless of how
they are related to one another in the model, we get that an appropriate estimator for WA is β̂A
which can be estimated by OLS in (5), as it measures the sole return to A for people with no B
skills. We also care about β̂A in relationship to the estimate for WBA which here can be seen to be
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β̂A + β̂B + β̂BA.
The parameter θ is an important parameter, and can be estimated simply from this routine using

the plug-in principle based on (3). In particular an appropriate plug-in estimator is

θ̂ = ŴA/ŴBA = β̂A/(β̂A + β̂B + β̂BA)

This estimate of θ provides an estimate of the relative distance between the skill ladder and skill
independence models in the context of mathematics skills and self-esteem. The model highlights
that as θ varies, the optimal policy varies, too.

Heckman et al. (2006) highlight two major problems with such procedures using data with
variables similar to the NLSY. The first issue is the reverse causality problem, particularly related
to the individual’s schooling. An individual’s schooling determines their test scores, and their test
score results determine their own inferences about their abilities and thus subsequent schooling
decisions.

Second, skills are challenging to measure directly. The NLSY and related datasets contain test
score information which researchers often use as proxies for certain skills. This is problematic
because it relies on the quality of the tests to precisely extract information about individuals skills,
and then for these skills to map cleanly into the specified model. I call this overall issue the
“measurement error” issue.

The way that Heckman et al. (2006) deal with these issues is to structurally model cognitive and
non-cognitive skills as latent factors that are affected by the test score measurements in the NLSY
and specify how these latent factors affect schooling and employment decisions. I take a different
approach since the major innovation in my measurement problem and conceptual problem is to
add the interaction term in (5). This makes the estimation problem more similar to Deming (2017)
who also investigates some aspects of skill complementarity in the NLSY. The way I deal with the
endogeneity issues in (5) is more similar to Deming (2017).

To deal with the first issue, I aim to reduce this type of schooling endogeneity as much as
possible by focusing on the cohort of children whose skills were measured when they were age
18 at the latest, so that effects of college decision cannot drive the results. This attempts to more
plausibly isolate the variation coming from skills in determining wages. Including extra controls
related to subsequent outcomes for these children such as employment and schooling would yield
the skill return estimates to be inconsistent due to the “bad control” problem (Angrist and Pischke,
2009). Thus, my empirical strategy only consists of utilizing controls for individuals of things that
were determined before skills assigned, such as race, gender and age of the child. I also look at
income 20 years later to increase the chance that everyone is “at-risk” of being employed. Since I
evaluate wages in the same year for all individuals in my basic empirical strategy, I do not require
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time fixed effects.
The second issue is much more challenging and cannot be dealt with easily using existing ma-

chine learning or reduced-form methodologies. For mathematics skills, I take the Armed Services
Vocational Aptitude Battery (ASVAB) exam mathematics knowledge (standardized) score. This
test assesses individuals mathematics knowledge through questions related to algebra, geometry
and fractions. It is one of the measures used by Heckman et al. (2006) in constructing their cog-
nitive skill measures and one of the inputs into the AFQT score often used in the literature as a
measure of cognitive skills (e.g. Neal and Johnson, 1996). To assess self-esteem, I use the Rosen-
berg Self-Esteem scale which measures perceptions of self-worth (Rosenberg, 1965). Positive
returns to improved self-esteem have been examined empirically in the economics and psychology
literature (e.g. Murnane et al., 2001; Groves, 2005; Waddell, 2006). For both skills, I normalize
these within the sample to have a mean of 0 and a standard deviation of 1.

I allow my model to treat skills both continuously and discretely. I say that an individual “has a
skill” if their raw score is above average, and they do “not have a skill” if their raw score is below
average. I present this discretization because it is line with the conceptualization in the model but
the results are not sensitive to it specifically.

The actual estimation undertaken consists of estimating the returns to skills coefficients β
through estimating

wi = β0 + βASkill Ai + βBSkill Bi + βBASkill Ai × Skill Bi +Xiγ + εi (6)

where Xi is a vector that includes the child’s race, sex, and age at the time of the test. As noted
above, this is similar to Deming (2017)’s strategy without a panel or time-varying element. I treat
wi as income instead of wage for simplicity.

5.3 Results

First I plot the correlation between the math and non-cognitive skill in Figure 2. The skills are
positively correlated. We can clearly reject the model that treats math skills as sufficient for self
esteem skills in this sample - there are many points below average in the Rosenberg score that
are well above average in the math score. This appears to remove one of the possibilities of the
skill independence model that the advanced skill is sufficient for the basic skill. However, it is still
possible that the advanced skill is rewarded without the basic skill.

The results for estimating (6) are contained in Table 1. I include both continuous and discrete
measures of the skills. Columns (1) and (2) include no other controls while columns (3) and (4)
add standard sex-race-age NLSY controls so that the skills are estimated within these cells. The
coefficient estimates on the skills do not differ much when adding these controls.
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Figure 2: Math and Rosenberg Skills
Notes: This is a plot of the subsample of the NLSY 1979 that I use to estimate the returns to skill of the
Math skill from the ASVAB and the Rosenberg skill from the Rosenberg test. The correlation between the
test scores is also labeled in the figure and is approximately 0.24.

The first result that stands out is that math scores are rewarded on the labor market independent
of non-cognitive self worth skills in all columns. The estimated β̂A is estimated to be substantially
large and precise. If we take the discrete specification to measure the presence of a skill as in the
model, the parameter estimates suggest that having the mathematics skill in 1979 leads to about a
$14k increase in income in 2000, almost half of the mean income level in this subsample ($30,560).

The fact that β̂A is both economically and statistically significant suggests that we can reject
the pure skill ladder view that advanced math skills are not rewarded by the labor market without
the ability to manage self-esteem.

Can we similarly reject the pure skill independence model? Recall that this states that WBA =

WA. In this case, this amounts to a statistical test of the returns from having both skills is equal to
the returns from having only skill A, the mathematics skill. In the model the appropriate test has
the null hypothesis β̂B + β̂BA = 0. Simply eye-balling Table 1 suggests that we will easily reject
this. The F -statistic from this test is about 20.4 with a p-value far smaller than 0.01, suggesting
that we can easily reject this.

Thus, both extreme models suggested by the theory are rejected. I form an estimate for θ̂ based
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Dependent variable:

Income

(1) (2) (3) (4)

Math (Normalized) 10,093∗∗∗ 9,918∗∗∗

(523) (545)
Rosenberg (Normalized) 3,814∗∗∗ 3,857∗∗∗

(521) (505)
Math × Rosenberg (Cts) 2,198∗∗∗ 1,824∗∗∗

(506) (486)
Math Discrete 14,381∗∗∗ 13,634∗∗∗

(1,523) (1,514)
Rosenberg Discrete 3,930∗∗∗ 4,290∗∗∗

(1,413) (1,363)
Math × Rosenberg (Discrete) 4,860∗∗ 4,261∗∗

(2,131) (2,044)

Observations 3,591 3,591 3,591 3,591
R2 0.137 0.085 0.209 0.162
Adjusted R2 0.136 0.084 0.207 0.160

Table 1: Skill Return Estimates
Notes: Parameter estimates from estimating (6) with OLS on the NLSY79 subsample. This subsample
includes all children who were 18 or younger in 1979. The tests were administered in 1980. The dependent
variable is total non-military income for each individual. The discrete measures are simply indicators for
positive scores and either test. ∗p<0.1; ∗∗p<0.05; ∗∗∗p<0.01

on the the estimates from Table 1 in Column (4). To get standard estimates I bootstrap with 1,000
bootstrap simulations. The results are in Table 2 below. The estimate for θ is between 0.6 and
0.65. The statistical results reject a θ of less than about 0.45 and more than about 0.75. These
results suggest that the skill independence model is a better description of the data in this specific
application, although statistical imprecision does not allow for a sharp conclusion.

5.4 Heterogeneous Returns to Skills

Many education interventions are targeted at reducing specific inequality gaps. If skill production
functions and the returns to skill differ by race, then optimal interventions may differ across races.
This is particularly important to national curriculum design which often entails uniform standards
across communities. The Common Core has this property.

To assess whether these types of heterogeneity are important, I estimate (6) on different races.
To summarize the results I report θ̂ for each sub-group along with bootstrapped standard errors.
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Continuous Skills Discrete Skills
θ̂ 0.636 0.615

Std Error 0.0446 0.0725

Table 2: Estimates of θ
Notes: Estimated using results from Table 1 Column (3) and Column (4). Standard errors are computed by
the bootstrap with 1,000 bootstrap samples. ∗p<0.1; ∗∗p<0.05; ∗∗∗p<0.01

Continuous Skills Discrete Skills
Black θ̂ 0.55 0.471

Std Error 0.072 0.107
Hispanic θ̂ 0.408 0.48

Std Error 0.06 0.149
White θ̂ 0.725 0.664

Std Error 0.067 0.102

Table 3: Estimates of θ by race
Notes: Estimated using results from estimating (6) on different subsamples of race. Standard errors are
computed by the bootstrap with 1,000 bootstrap samples. ∗p<0.1; ∗∗p<0.05; ∗∗∗p<0.01

The results are contained in Table 3. There are two striking results from this table. The first
is that the estimated θ is smaller for Black and Hispanic populations, suggesting that with respect
to mathematics and self-esteem, the skill ladder model is a better description of the data than for
White populations. The second is that many of the estimates suggest θ̂ is less than 0.5 for Black
and Hispanic populations. Taking θ as a literal measure of the distance between the skill ladder
and skill independence model, this result suggests that the skill ladder model may be a better
description of the relationship between mathematics and self-esteem in minority populations than
skill independence. However, the model cannot reject larger values of θ̂. Further conclusions on
the exact optimal policies by race require more data and modeling efforts, but these results suggest
that taking into account the impact of self-esteem and other basic skills in minority populations on
their labor market outcomes could be crucial in designing effective education interventions.

6 Conclusion

In this paper I analyzed a model of education interventions that emphasizes the space of skills and
how skill production functions and the returns to these skills fundamentally alters optimal policy.
I show that if skills form a “skill ladder” then investment in basic skills relative to other skills is
optimal. However, if skills are independent in any of the two senses discussed in the paper, more
advanced skill should be targeted.

I interpret the existing empirical evidence on education interventions using the model. The
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evidence suggests that the skill ladder model could be a useful way to interpret many of these
results. It also suggests that the skill ladder model is empirically relevant for how we assess how
skills map into labor market outcomes.

I examine an application using the NLSY79 examining the differential returns to mathematics
skills and self-esteem. I develop a simple but credible way to estimate the returns to these skills.
The estimates suggest that neither stark model is correct. The data on mathematics and self-
esteem seem to be more consistent with a skill independence world in which mathematics skills
get relatively good returns without self-esteem. However, self-esteem still has an important role.
Moreover, there is important heterogeneity in the racial returns to skills.
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